Exercices Module 1

Correction1.2to 1.4

Notation used for module 1 exercise corrections:
Vectors are indicated as bold: v

Basis vectors are indicated as X, y, Z

Exercice 1.2

We neglect the effects of gravity on the system.

Momentum balance on the control volume (dark blue cylinder) reads:

N
z Fyotume + Z Fsurface = Z pﬁ(ﬁ : ﬁ)Ai
i=1

We have to consider pressure and shear forces on the surfaces of the control volume. In
general, for pressure the force on surface i is —p;A; I and the shear force on surface i due to
fluid moving in the j direction is —Tij|i(ﬁ\, - 1) J A; note the force is in the j direction. Then
considering pressure on surface 1 and 2 and shear on surfaces 3 and 4 we have:

—p1A1 Ty — P Ay iy + 7,,(r)As 2 — 7,,(r + Ar)AL, 2 =0

Note: the sum of the forces is zero because the system is at steady state and the momentum
of the fluid entering and exiting the control volume cancel.

The surface areas are:

A, = A, =n(r + Ar)? —nr? = 2nrAr + w(Ar)? = 2arAr (becasue Ar — 0)



Az = 2nlr
Ay = 2nL(r + Ar)

Inserting the areas and also projecting onto the z-axis (direction of the flow):

p12nrAr — p,2nrAr + t,,(r)2nlr — 7,.,(r + Ar)2nL(r + Ar) =0

Dividing by 2mLAr and replacing p; — p, = Ap

A—pT' _ (rTrz)|r+Ar - (rTrz)lr

=0
L Ar

Therefore:

E (rTrz) = Tr

Integrating with over r:

A
TTyy = P2y C,

2L
Ap C
T, (1r) = ﬂr + ?1

When r = 0, physical quantities (including t) cannot diverge, therefore C;1=0 and:

Ap

T, (1) = oL r

The relationship between the shear stress and the velocity profile is given by Newton’s law:

dv,
TT'Z(r) = _I’L d_r
So
dv,  Ap
dr 2,qu

Integrating again over r:

The boundary conditions give:



Therefore:

A
v.(r) = i (R = 1%)

b) In the second case, the fluid is the same, and the forces applied on the control volume are
also the same than in the first case. Only the boundary conditions are different, therefore the
same differential equation is describing the flow:

d Ap
a (rty,) = Tr
And so, the following is still true:
Ap Cy
T, (1) = T + p

However, in this new situation, there is no fluid in r = 0, and so we cannot use the same
boundary condition. Therefore, we have to keep Ci in the expression, replace 7,, using
Newton’s law of viscosity, and integrate over r:

dv, Ap C1
BT TAR
dv, Ap Cy
dr ~ 2ul’ ur

Ap (1
UZ(T) = —mrz - EIH(T) + CZ
The new boundary conditions are:
v,(r=R;) =0
v,(r=R;) =0

Ap ¢y
—me —?ln(Rl) + Cz =0 (1)

LA g SRy 4G =02)
4ul 7

(2) = (1) gives :



A C;. (R
_p(RZ 2)+E1 <R2>
1
c ApR1 R
1=
)
Replacing in (1):
Ap 2_ Ap R? — R3
™ T (R ) ZIn(Ry) + C, =0
Ry
Ap R} — Rf
C; = i- In(R,)
1
Finally:
_ Ap , Ap R?—R} Ap R3 — R?
vz(r)——4 T 7, 1()+ﬂ R? — 7, ln(Rl)
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Exercice 1.3

Bt Ar

To

In this situation, the temperature is maximum at the center of the sphere and q(r) is radial

from the center towards the surface.
Therefore, the heat balance on the shell control volume is:

Qin — Qout + Qcreatea = 0 (Steady State)

q(r) * 4nr? — q(r + Ar) * 4n(r + Ar)? + S, (") Veontrote = 0



The control volume is:

4 3 4 3
Veontror = §TL’(T‘ + Ar)® — §7TT

4
Veontror = §n(ﬁ+ 3r2Ar + 3rAr? + Ar3 —£2)

4
Veontrol = 37 3r2Ar = 4nr?Ar (we can neglect the higher powers of Ar)

So

r 2
4702y = D prar] + Soo (1+ b (3) ) 4mr2ar = 0

Dividing by 4mAr:

%(rzq) = Sho (1 +b (%)2) r?

Integrating over r:

5 r® br®
Tq=Sn0 ?-l‘gﬁ +Cl

r br3\
q(r) =Spo(3+zz)t

T-Z
Since the flux cannot diverge for r=0, we have C;=0.

Therefore:

According to Fourier’s law:

q(r)=—k3—:
So
d_T__ﬁ<£ 2ﬁ>
dr k \3 G5R?
And

When r=R, T(R)=To, therefore:



Swo (R*> b R*
To==7 G *t20m)
Sn°R2(1+b)+T
~ k \6 20/ °°

Finally: T(r)=Ty+ % [% (1 - (%)2) + %(1 a (2)4)]

Exercice 1.4 A/\
X

diffusion

convection Control volume

(x,2)

AX

(x,z+Az)

(x+Ax,2)

”_z)(x)/

(x+Ax,z+Az)

We consider that the transport of lead inside the oil happens by convection only along the z-
axis (through A: and A;) and by diffusion only along the x-axis (through As and As). The
molecular balance gives:

ca(x, 2)v,(x)A; — ca(x, 2 + D2)v, () Az — jax (X + Ax, 2) Ay + jax(x,2)A3 =0
Since in this case j4 » = —Dgp %‘: (Fick’s law) then we can simplify as:
Ca(x, 2)v,(X)WAx — c4(x, z + Az)v,(x)WAx
aCA aCA
+ Dyp Tx (x + Ax,2)WAz — Dyp Tx (x,z) WAz =0

Dividing by WAxAz:
dcy dcy
W(x + Ax, z) —W(x,z + Az) o

Ax

cy(x,2) —cy(x,z + Az)
Az

V,(x) + Dap

Using partial derivatives:



dcy(x,z)
0z

aZCA(X, Z) _

UZ(X) + DAB D2 =0

Dyp =0

0%c,(x,z) 0dcy(x,z) pgé*cosp 1 (x)z
— * — —
ox?2 0z 2u é

Boundary conditions are:

dc
ca(x =8,2) = cpsar; a—;(x =0,z) =0; ci(x,z=0)=0

Solving this using analytical methods is very difficult.



