
Exercices Module 1 

Correction 1.2 to 1.4 

Notation used for module 1 exercise corrections: 

Vectors are indicated as bold: 𝒗 

Basis vectors are indicated as 𝒙̂, 𝒚̂, 𝒛̂  

Exercice 1.2 

 

 

 

We neglect the effects of gravity on the system. 

Momentum balance on the control volume (dark blue cylinder) reads: 

∑𝐹𝑣𝑜𝑙𝑢𝑚𝑒 +∑𝐹𝑠𝑢𝑟𝑓𝑎𝑐𝑒 =∑𝜌𝒗̂(𝒗̂ ∙  𝒏̂)𝐴𝑖

𝑁

𝑖=1

 

We have to consider pressure and shear forces on the surfaces of the control volume. In 

general, for pressure the force on surface 𝑖 is −p𝑖A𝑖 𝒍̂ and the shear force on surface 𝑖 due to 

fluid moving in the 𝑗 direction is −𝜏𝑖𝑗|𝑖(𝒏𝒍̂  ∙  𝒍̂)  𝒋̂ A𝑖 note the force is in the 𝑗 direction. Then 

considering pressure on surface 1 and 2 and shear on surfaces 3 and 4 we have: 

−𝑝1𝐴1 𝒏𝟏̂ − 𝑝2𝐴2 𝒏𝟐̂ + 𝜏𝑟𝑧(𝑟)𝐴3 𝒛̂ − 𝜏𝑟𝑧(𝑟 + ∆𝑟)𝐴4 𝒛̂ = 0 

Note: the sum of the forces is zero because the system is at steady state and the momentum 

of the fluid entering and exiting the control volume cancel.  

The surface areas are: 

𝐴1 = 𝐴2 = 𝜋(𝑟 + ∆𝑟)2 − 𝜋𝑟2 = 2𝜋𝑟∆𝑟 + 𝜋(∆𝑟)2 = 2𝜋𝑟∆𝑟 (becasue ∆r → 0) 

A1 A2 

A3 (int) 

A4 (ext) 
r 

r+Δr  

L 

z 

𝑛4⃗⃗⃗⃗  

𝑛3⃗⃗⃗⃗  

𝑛1⃗⃗⃗⃗  

𝑛2⃗⃗⃗⃗  



𝐴3 = 2𝜋𝐿𝑟 

𝐴4 = 2𝜋𝐿(𝑟 + ∆𝑟) 

 

Inserting the areas and also projecting onto the z-axis (direction of the flow): 

𝑝12𝜋𝑟∆𝑟 − 𝑝22𝜋𝑟∆𝑟 + 𝜏𝑟𝑧(𝑟)2𝜋𝐿𝑟 − 𝜏𝑟𝑧(𝑟 + ∆𝑟)2𝜋𝐿(𝑟 + ∆𝑟) = 0 

 

Dividing by 2𝜋𝐿∆𝑟 and replacing 𝑝1 − 𝑝2 = ∆𝑝  

∆𝑝

𝐿
𝑟 −

(𝑟𝜏𝑟𝑧)|𝑟+∆𝑟 − (𝑟𝜏𝑟𝑧)|𝑟
∆𝑟

= 0 

Therefore: 

𝑑

𝑑𝑟
(𝑟𝜏𝑟𝑧) =

∆𝑝

𝐿
𝑟  

 

Integrating with over r: 

𝑟𝜏𝑟𝑧 =
∆𝑝

2𝐿
𝑟2 + 𝐶1 

𝜏𝑟𝑧(𝑟) =
∆𝑝

2𝐿
𝑟 +

𝐶1
𝑟

 

When r = 0, physical quantities (including τ) cannot diverge, therefore C1=0 and: 

𝜏𝑟𝑧(𝑟) =
∆𝑝

2𝐿
𝑟  

The relationship between the shear stress and the velocity profile is given by Newton’s law: 

𝜏𝑟𝑧(𝑟) = −𝜇
𝑑𝑣𝑧
𝑑𝑟
  

So 

𝑑𝑣𝑧
𝑑𝑟

= −
∆𝑝

2𝜇𝐿
𝑟 

Integrating again over r: 

𝑣𝑧(𝑟) = −
∆𝑝

4𝜇𝐿
𝑟2 + 𝐶2  

The boundary conditions give:  

𝑣𝑧(𝑟 = 𝑅) = 0 



0 = −
∆𝑝

4𝜇𝐿
𝑅2 + 𝐶2 

𝐶2 =
∆𝑝

4𝜇𝐿
𝑅2 

Therefore: 

𝒗𝒛(𝒓) =
∆𝒑

𝟒𝝁𝑳
(𝑹𝟐 − 𝒓𝟐)  

b) In the second case, the fluid is the same, and the forces applied on the control volume are 

also the same than in the first case. Only the boundary conditions are different, therefore the 

same differential equation is describing the flow: 

𝑑

𝑑𝑟
(𝑟𝜏𝑟𝑧) =

∆𝑝

𝐿
𝑟 

And so, the following is still true: 

𝜏𝑟𝑧(𝑟) =
∆𝑝

2𝐿
𝑟 +

𝐶1
𝑟

 

However, in this new situation, there is no fluid in r = 0, and so we cannot use the same 

boundary condition. Therefore, we have to keep C1 in the expression, replace 𝜏𝑟𝑧 using 

Newton’s law of viscosity, and integrate over r: 

−𝜇
𝑑𝑣𝑧
𝑑𝑟

=
∆𝑝

2𝐿
𝑟 +

𝐶1
𝑟

 

𝑑𝑣𝑧
𝑑𝑟

= −
∆𝑝

2𝜇𝐿
𝑟 −

𝐶1
𝜇𝑟

 

𝑣𝑧(𝑟) = −
∆𝑝

4𝜇𝐿
𝑟2 −

𝐶1
𝜇
ln(𝑟) + 𝐶2  

 

The new boundary conditions are: 

{
𝑣𝑧(𝑟 = 𝑅1) = 0

𝑣𝑧(𝑟 = 𝑅2) = 0
 

{
 
 

 
 −

∆𝑝

4𝜇𝐿
𝑅1
2 −

𝐶1
𝜇
ln(𝑅1) + 𝐶2 = 0  (𝟏)

−
∆𝑝

4𝜇𝐿
𝑅2
2 −

𝐶1
𝜇
ln(𝑅2) + 𝐶2 = 0 (𝟐)

 

(2) – (1) gives : 



∆𝑝

4𝜇𝐿
(𝑅2

2 − 𝑅1
2) +

𝐶1
𝜇
ln (

𝑅2
𝑅1
) 

𝐶1 =
∆𝑝

4𝐿

𝑅1
2 − 𝑅2

2

ln (
𝑅2
𝑅1
)
  

Replacing in (1): 

−
∆𝑝

4𝜇𝐿
𝑅1
2 −

∆𝑝

4𝜇𝐿

𝑅1
2 − 𝑅2

2

ln (
𝑅2
𝑅1
)
ln(𝑅1) + 𝐶2 = 0 

𝐶2 =
∆𝑝

4𝜇𝐿
[𝑅1

2 −
𝑅2
2 − 𝑅1

2

ln (
𝑅2
𝑅1
)
ln(𝑅1)]  

Finally: 

𝑣𝑧(𝑟) = −
∆𝑝

4𝜇𝐿
𝑟2 −

∆𝑝

4𝜇𝐿

𝑅1
2 − 𝑅2

2

ln (
𝑅2
𝑅1
)
ln(𝑟) +

∆𝑝

4𝜇𝐿
[𝑅1

2 −
𝑅2
2 − 𝑅1

2

ln (
𝑅2
𝑅1
)
ln(𝑅1)] 

𝒗𝒛(𝒓) =
∆𝒑

𝟒𝝁𝑳
[𝑹𝟏

𝟐 − 𝒓𝟐 + (𝑹𝟐
𝟐 − 𝑹𝟏

𝟐) 
𝐥𝐧 (

𝒓
𝑹𝟏
)

𝐥𝐧 (
𝑹𝟐
𝑹𝟏
)
 ]  

 

Exercice 1.3 

 

 

 

 

 

In this situation, the temperature is maximum at the center of the sphere and 𝑞(𝑟) is radial 

from the center towards the surface. 

Therefore, the heat balance on the shell control volume is: 

𝑄𝑖𝑛 − 𝑄𝑜𝑢𝑡 + 𝑄𝑐𝑟𝑒𝑎𝑡𝑒𝑑 = 0 (steady state) 

i.e. 

𝑞(𝑟) ∗ 4𝜋𝑟2 − 𝑞(𝑟 + ∆𝑟) ∗ 4𝜋(𝑟 + ∆𝑟)2 + 𝑆𝑛(𝑟)𝑉𝑐𝑜𝑛𝑡𝑟ô𝑙𝑒 = 0 

r 

r+ Δr 

T0 



 

The control volume is: 

𝑉𝑐𝑜𝑛𝑡𝑟𝑜𝑙 =
4

3
𝜋(𝑟 + ∆𝑟)3 −

4

3
𝜋𝑟3 

𝑉𝑐𝑜𝑛𝑡𝑟𝑜𝑙 =
4

3
𝜋(𝑟3 + 3𝑟2∆𝑟 + 3𝑟∆𝑟2 + ∆𝑟3 − 𝑟3) 

𝑉𝑐𝑜𝑛𝑡𝑟𝑜𝑙 =
4

3
𝜋 ∗ 3𝑟2∆𝑟 = 4𝜋𝑟2∆𝑟 (we can neglect the higher powers of ∆r) 

So 

4𝜋[(𝑟2𝑞)|𝑟 − (𝑟
2𝑞)|𝑟+∆𝑟] + 𝑆𝑛0 (1 + 𝑏 (

𝑟

𝑅
)
2

) 4𝜋𝑟2∆𝑟 = 0 

Dividing by 4𝜋∆𝑟: 

𝑑

𝑑𝑟
(𝑟2𝑞) = 𝑆𝑛0 (1 + 𝑏 (

𝑟

𝑅
)
2

) 𝑟2  

Integrating over r: 

𝑟2𝑞 = 𝑆𝑛0 (
𝑟3

3
+
𝑏

5

𝑟5

𝑅2
) + 𝐶1 

𝑞(𝑟) = 𝑆𝑛0 (
𝑟

3
+
𝑏

5

𝑟3

𝑅2
) +

𝐶1
𝑟2

 

Since the flux cannot diverge for r=0, we have C1=0. 

Therefore: 

𝑞(𝑟) = 𝑆𝑛0 (
𝑟

3
+
𝑏

5

𝑟3

𝑅2
)  

According to Fourier’s law: 

𝑞(𝑟) = −𝑘
𝑑𝑇

𝑑𝑟
  

So  

𝑑𝑇

𝑑𝑟
= −

𝑆𝑛0
𝑘
(
𝑟

3
+
𝑏

5

𝑟3

𝑅2
) 

And 

𝑇(𝑟) = −
𝑆𝑛0
𝑘
(
𝑟2

6
+
𝑏

20

𝑟4

𝑅2
) + 𝐶2 

When r=R, T(R)=T0, therefore: 



𝑇0 = −
𝑆𝑛0
𝑘
(
𝑅2

6
+
𝑏

20

𝑅4

𝑅2
) + 𝐶2 

𝐶2 =
𝑆𝑛0𝑅

2

𝑘
(
1

6
+
𝑏

20
) + 𝑇0  

Finally:    𝑻(𝒓) = 𝑻𝟎 +
𝑺𝒏𝟎𝑹

𝟐

𝒌
[
𝟏

𝟔
(𝟏 − (

𝒓

𝑹
)
𝟐
) +

𝒃

𝟐𝟎
(𝟏 − (

𝒓

𝑹
)
𝟒
)]  

 

Exercice 1.4 

 

 

 

 

 

 

 

 

 

 

 

We consider that the transport of lead inside the oil happens by convection only along the z-

axis (through A1 and A2) and by diffusion only along the x-axis (through A3 and A4). The 

molecular balance gives: 

𝑐𝐴(𝑥, 𝑧)𝑣𝑧(𝑥)𝐴1 − 𝑐𝐴(𝑥, 𝑧 + ∆𝑧)𝑣𝑧(𝑥)𝐴2 − 𝑗𝐴,𝑥(𝑥 + ∆𝑥, 𝑧)𝐴4 + 𝑗𝐴,𝑥(𝑥, 𝑧)𝐴3 = 0 

Since in this case 𝑗𝐴,𝑥 = −𝐷𝐴𝐵
𝜕𝑐𝐴

𝜕𝑥
  (Fick’s law) then we can simplify as: 

𝑐𝐴(𝑥, 𝑧)𝑣𝑧(𝑥)𝑊∆𝑥 − 𝑐𝐴(𝑥, 𝑧 + ∆𝑧)𝑣𝑧(𝑥)𝑊∆𝑥                                          

+ 𝐷𝐴𝐵
𝜕𝑐𝐴
𝜕𝑥

(𝑥 + ∆𝑥, 𝑧)𝑊∆𝑧 − 𝐷𝐴𝐵
𝜕𝑐𝐴
𝜕𝑥

(𝑥, 𝑧)𝑊∆𝑧 = 0 

Dividing by 𝑊∆𝑥∆𝑧: 

𝑐𝐴(𝑥, 𝑧) − 𝑐𝐴(𝑥, 𝑧 + ∆𝑧)

∆𝑧
 𝑣𝑧(𝑥) + 𝐷𝐴𝐵

𝜕𝑐𝐴
𝜕𝑥

(𝑥 + ∆𝑥, 𝑧) −
𝜕𝑐𝐴
𝜕𝑥

(𝑥, 𝑧 + ∆𝑧)

∆𝑥
= 0  

Using partial derivatives: 

convection 

z 

diffusion 

x 

Control volume 

Δz 

Δx 

(x,z) 

(x+Δx,z) 
(x,z+Δz) 

(x+Δx,z+Δz) 

𝒗𝒛⃗⃗⃗⃗ (𝒙) 

A1 

A2 

A3 

A4 



−
𝜕𝑐𝐴(𝑥, 𝑧)

𝜕𝑧
𝑣𝑧(𝑥) + 𝐷𝐴𝐵

𝜕2𝑐𝐴(𝑥, 𝑧)

𝜕𝑥2
= 0 

𝑫𝑨𝑩
𝝏𝟐𝒄𝑨(𝒙, 𝒛)

𝝏𝒙𝟐
−
𝝏𝒄𝑨(𝒙, 𝒛)

𝝏𝒛
∗
𝝆𝒈𝜹𝟐 𝐜𝐨𝐬𝜷

𝟐𝝁
[𝟏 − (

𝒙

𝜹
)
𝟐

] = 𝟎  

Boundary conditions are: 

𝑐𝐴(𝑥 = 𝛿, 𝑧) = 𝑐𝐴,𝑠𝑎𝑡;         
𝜕𝑐𝐴
𝜕𝑥

(𝑥 = 0, 𝑧) = 0;        𝑐𝐴(𝑥, 𝑧 = 0) = 0 

Solving this using analytical methods is very difficult.  


